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Central Limit Order Book
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The Marketplace
Liquidity Pool at Time t

numeéraire

x¢ posted amount of the «liquid» token X (e.g., XTZ, aka «tez»)
y: posted amount of the «illiquid» token Y (e.g., YOU)

All quantities with a subscript t represent cadlag stochastic processes in continuous time.
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The Marketplace
Liquidity Pool at Time t

numeéraire

S exogenously given unit value of X w.r.t. the numéraire (e.g., GBP)
S:  implicit spot FX-rate (e.g., XTZYOU)

Restriction

We assume that (5;)¢>0 is independent of (y¢)>0.
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Automated Market Making (AMM)
Constant Function Market Making (CFMM)
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The spot FX-rate satisfies S; =



Automated Market Making (AMM)

Features

D

self-balancing
low computational demands

«simple»
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capital intensive
returns may be unacceptably bad

«impermanent loss»
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Automated Market Making (AMM)
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Automated Market Making (AMM)

Transaction Cost

0< K1 < 1 transaction fee of the infrastructure provider

0< K2 <1 transaction fee of the liquidity pool

0< k:=kK1+kKy <1 totaltransaction fees

E.g., k1 = 0.10% and xp = 0.25%. However, gross transaction fees earned
w.r.t the numéraire are typically lower than 0.35%, ceteris paribus.
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Automated Market Making (AMM)

Dynamics of a CFMM when posting Ax

Let us assume that a market participant initiates a swap at time t by
posting Ax of X to the liquidity pool. In return, she receives —Ay(Ax) of
Y (the sign is by convention), where Ay(Ax) < 0 solves the equation

F(xP™ + (1 — k)Ax, yP© + Ay(Ax)) = F (<P, yP').

One part of the transaction fees is paid implicitly to the pool by increasing
the liquidity to the updated isoline

pOSt(AX) ( post(A ) yFOSt(AX))
= F(x + (1 — s1)Ax, ¥ + Ay(Ax)).

The residual part x1Ax is paid out to the infrastructure provider and leaves
our consideration.
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Automated Market Making (AMM)

Dynamics of a CFMM when posting Ay

Analogously, if Ay of Y is posted to the liquidity pool for —Ax(Ay) of X
in return, the corresponding equation reads

F(xP" + Ax(Ay), yP + (1 — k)Ay) = F(xP", yP"®).

Similarly,

cE”H(Ay) = F (7 (Ay), v (Ay))
= F(x"® + Ax(Ay), ¥ + (1 — k1)Ay)

refers to as the updated liquidity level.

A popular choice is the CPMM F(x,y) := xy with §; = 43

Xt
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Digression: Flat Curve

_ (xe +ye)" — (xe — ye)’
(xt +ye) 4+ (xe — ye)T

Fix,y)=(x+y)P?—(x—y)® S

— CPMM
—— Flat Curve
—— CSMM
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CPMM: Market Capitalisation versus Sale Value

Let us assume that one holds a fraction A € [0, 1] of the liquidity pool. The
accounting value of the holding amounts to

Vt = 2A5;<Xt (1)

In turn, the sale value can be calculated by withdrawing Ax; and \y; —
leading to a new liquidity of (1 — \)2x;y; — and swapping Ay = \y;
against®
(1—r)(1—A)Axt
. 2
1— kA (2)

With respect to the numéraire, this leaves us with

Ax(Ay) =

~  AM2—-kr-=-2X)

v Ak + A —2kKA)
ET 11—k

1— kA

illiquidity premium

S;(Xt = 2A5;<Xt — S;(Xt . (3)
——

VA

* (1= A)x — Ax(Ay)] [(1 = Ay + (1 — =)Ay] = @ — A2y
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CPMM: Impermanent Loss

Impermanent Loss
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CPMM: Valuation of the Impermanent Loss

For simplicity, let kK = 0. Let us assume that we provided x; and y; to the
liquidity pool at time t, which was worth

S?Xt + Sg/yt = S;((Xt + St_lyt) = 251).(X1_-

with respect to the numéraire. If the FX-rate at time t + At changed to
St1at, then arbitrageurs would have rebalanced the amounts to

Yi+At = V Ct5t+At-

Therefore, the opportunity cost would amount to

Ct

Xt+At = )
Stint

S¥ae(Xerar + 5t+At_1)/t+At) — S ae(xe + 5t+At_1)/t)

~
rebalanced liquidity pool

2
S
= _St)‘(-i-AtXt(l_ S t > .
t+At
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CPMM: Valuation of the Impermanent Loss

By the general Carr-Madan-formula, it holds for any g : (0,00) — R
subject to sufficient regularity

() = g(0) + £/ 00)(x —x0) + [ g (k) max{k — x,0) dk

+ / g" (k) max{x — k,0} dk.

X0

Yt

For the impermanent loss measured in X, it holds at S; =
Xt

2
X(s) = <\/x7— \ /{f) X(S:) =0,
osX(s) = /5 =% 9:4X(S:) =0,
3 2
Ot (s) = =3 /% + g
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CPMM: Model-Independent Simulation

Let p € (0,00) and SP* = pSP™. Let us introduce the auxiliary quantity

—p(2 — 2K1 — K2) + \/P?r2% + 4p(L1 — k1)(1 — K1 — K2)

(K1, K2, p) = 2p(1 — k1)(1 — K1 — K2)

Note that £(0,0, p) = \f — 1 and £(k1, K2,1) = 0. Then, one can retrieve
the posted amounts

Ax(p) = &(k1, k2, P)XE ifp<t,
Ay(p) = &(k1, kw2, p Nyf©  ifp>1,

as well as the revaluation of the liquidity pool
25" (14 (1 — Kk1)é(k1, k2, p))  if p <1,

VP (p) = 255xF"
(1+ (1 = K)é(k1, K2, p71))
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CPMM: Model-Independent Simulation

Original Paths

12 A
—— XTZGBP

—— XTZYOU
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CPMM: Model-Independent Simulation

Filtered Paths

12 A
—— XTZGBP

—— XTZYOU
10 1

FX
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timeiny
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CPMM: Model-Independent Simulation

LP Accounting Value

—— without transaction cost
—— with transaction cost
16001 ___ yanilla portfolio
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CPMM: Break-Even Transaction Cost

Proposition (Break-Even Transaction Cost)

Let us consider a CPMM. If one establishes order size and pool size
dependent transaction fees

1— kK 11—k 2

/f2(AX) = Xfrg ) ) KZ(Ay) - }/frg ) s
Xt _ Jt4 (1 _

A (1= r1) Ay + (1 — k1)

then the liquidity providers do not incur an impermanent loss. It obviously

holds lim ka(Ax) = lim ka(Ay)=1— k1.
Ax—00 Ay—0c0
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CPMM: Break-Even Transaction Cost
Proof

Posting Ax > 0 yields to
thost( ) SX( pre StpOSt(AX)_lyfre),
where

VPO (Ax) = 257 (" + (1 — K1) Ax),

5P (Ax) 1 — (< (1= k1)) (X + (1= k1 — 2 A6)) Ax)

pre _pre
Xe Vi
1— K1 2AX 1-— K1 2
= ro(Ax) = prg ) = prg ) )
+(1—r1)Ax X (- )
Ax 1
The argument works analogously for posting Ay > 0. d
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CPMM: Optimal Trade Execution

When posting Ax > 0 twice, the liquidity pool still ends up with

(X2 (Ax)) (Ax) = xP" + 2(1 — k1) Ax = P (2Ax),

whereas
pre pre

pre 1— A Xt Vi

post A A _ (Xt - ( Kl) X) fre + ( )AX

e (ax))(ax) = (xF" + (1 — K1) Ax) + (1 — K)Ax
pre + (1 _ Hl)AX l[-)reyg)re
pre +(1—K)Ax  koDx+xP° + (1 — k)2Ax
pre + (1 _ Hl)AX tireytpre

xp'e + (1- H)AX + KpAx Xpre + (1 — k)2Ax
-1
= yP(2Ax).
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