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Motivation & intuition

‚ How to cope with intermittent sources of energy in power systems?

‚ The need for more flexibility in electric systems can be satisfied either

‚ ...by batteries or...

‚ ...a better use of demand flexibility potential.

‚ Possible to use distributed control of appliances.

‚ Also possible to use demand–response programs.
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Demand–response

‚ Contract between a consumer and a producer.

‚ The consumer pays a certain lower fare for power all the days of the year...

‚ ...except on a certain number of days (or periods of the day) decided on a random
basis by the producer.

Example: Low Carbon London Pricing trial experiment 2012–2013

‚ Consumer enrolled in the dynamic Time of Use tariff would pay their power: 11.76
p/kWh on Normal days, 67.2 p/kWh on High price days, 3.99 p/kWh on Low
price days

‚ The number of days was limited at the inception.

‚ The period of High or Low price could be 3, 6, 9 or 12 hours.

Dylan Possamäı Contract theory and energy markets



4/31

An application in demand–response management
A model for pollution regulation

Motivation & intuition
A moral hazard approach
A Stackelberg game with many consumers
Optimal contract
Principal’s Problem

Demand–response

‚ Contract between a consumer and a producer.

‚ The consumer pays a certain lower fare for power all the days of the year...

‚ ...except on a certain number of days (or periods of the day) decided on a random
basis by the producer.

Example: Low Carbon London Pricing trial experiment 2012–2013

‚ Consumer enrolled in the dynamic Time of Use tariff would pay their power: 11.76
p/kWh on Normal days, 67.2 p/kWh on High price days, 3.99 p/kWh on Low
price days

‚ The number of days was limited at the inception.

‚ The period of High or Low price could be 3, 6, 9 or 12 hours.
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Issues

‚ Important demand–response (DR) and smart grid world wide. EU investment in
smart metering: 45 billions e to reach 200 millions smart meters.

‚ DR programs reduce consumption level on average but at a significant infrastruc-
ture cost and with a significant variance in consumers’ response.

‚ Need for better DR mechanisms!
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Starting from one consumer...

§ Principal–Agent problem with moral hazard.

‚ The Agent (he) is a risk-averse consumer, who can deviate from his baseline
consumption by reducing its mean and volatility.

Xt “ x0 ´

ż t

0
αs ¨ 1dds `

ż t

0
σpβsq ¨ dWs , t P r0,T s, (1)

where W is a d-dimensional Brownian motion.

A control process for the Agent is a pair ν :“ pα, βq P U :

piq α is the effort to reduce his consumption in mean;
piiq β is the effort to reduce the variability of his consumption.

‚ The Principal (she) is a producer (or a retailer) subject to energy generation costs
and to consumption volatility costs.
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Starting from one consumer...

The Principal wants to incentivise the consumer to reduce the mean and the volatility
of his consumption.

Moral Hazard: she observes the deviation consumption X of the Agent in continuous
time, but not the effort ν he makes.

§ Proved with Äıd and Touzi that she offers him a contract indexed on his deviation
consumption:

ξT “ ξ0 ´

ż T

0
HpXs , ζsqds `

ż T

0
ZsdXs `

1

2

ż T

0
ΓsdxX ys `

1

2
RA

ż T

0
Z2
s dxX ys ,

for an optimal choice of ζ “ pZ , Γq.

Results.

‚ Optimal contracting allows the system to bear more risk as the resulting volatility
may increase;

‚ The control of the consumption volatility can lead to a significant increase of
responsiveness.
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... and extend it to a mean-field of Agents

The producer is facing a Mean-Field (MF) of correlated consumers and optimise in
mean.

Find a way for the Principal to benefit from dealing with this MF of consumers.

She knows the law of the consumption of the pool of consumers.

§ She can design a new contract in order to penalise / reward a consumer who makes
less / more effort than the rest of the pool.

Intuition.

Optimal contracts should consists of two parts:

‚ A classical part indexed on the deviation consumption of the Agent (previous
contract);

‚ An additional part indexed on the law of the deviation consumption of others.
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Dylan Possamäı Contract theory and energy markets



8/31

An application in demand–response management
A model for pollution regulation

Motivation & intuition
A moral hazard approach
A Stackelberg game with many consumers
Optimal contract
Principal’s Problem

... and extend it to a mean-field of Agents

The producer is facing a Mean-Field (MF) of correlated consumers and optimise in
mean.

Find a way for the Principal to benefit from dealing with this MF of consumers.

She knows the law of the consumption of the pool of consumers.

§ She can design a new contract in order to penalise / reward a consumer who makes
less / more effort than the rest of the pool.

Intuition.

Optimal contracts should consists of two parts:

‚ A classical part indexed on the deviation consumption of the Agent (previous
contract);

‚ An additional part indexed on the law of the deviation consumption of others.
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The representative Agent

Classical MFG framework: All agents are identical.

§ Focus on a typical small consumer who has no impact on the global consumption:
the representative Agent.

His deviation from his baseline consumption is given by:

Xt “ x0 ´

ż t

0
αs1dds `

ż t

0
σpβsq ¨ dWs`

ż t

0
σ˝dW ˝

s , t P r0,T s. (2)

where

‚ W is a d-dimensional idiosyncratic noise;

‚ W ˝ is a one-dimensional common noise (common random environment as climate
hazards).

A control process for the Agent is still a pair ν :“ pα, βq P U :

‚ α is the effort to reduce his consumption in mean;

‚ β is the effort to reduce the variability of his consumption.
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Dylan Possamäı Contract theory and energy markets



9/31

An application in demand–response management
A model for pollution regulation

Motivation & intuition
A moral hazard approach
A Stackelberg game with many consumers
Optimal contract
Principal’s Problem

The representative Agent

Classical MFG framework: All agents are identical.

§ Focus on a typical small consumer who has no impact on the global consumption:
the representative Agent.

His deviation from his baseline consumption is given by:

Xt “ x0 ´

ż t

0
αs1dds `

ż t

0
σpβsq ¨ dWs`

ż t

0
σ˝dW ˝

s , t P r0,T s. (2)

where

‚ W is a d-dimensional idiosyncratic noise;

‚ W ˝ is a one-dimensional common noise (common random environment as climate
hazards).

A control process for the Agent is still a pair ν :“ pα, βq P U :

‚ α is the effort to reduce his consumption in mean;

‚ β is the effort to reduce the variability of his consumption.
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His deviation from his baseline consumption is given by:

Xt “ x0 ´

ż t

0
αs1dds `

ż t

0
σpβsq ¨ dWs`

ż t

0
σ˝dW ˝

s , t P r0,T s. (2)

where

‚ W is a d-dimensional idiosyncratic noise;

‚ W ˝ is a one-dimensional common noise (common random environment as climate
hazards).

A control process for the Agent is still a pair ν :“ pα, βq P U :

‚ α is the effort to reduce his consumption in mean;

‚ β is the effort to reduce the variability of his consumption.
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Agent’s problem

In the one consumer case, the Principal offers a contract to an Agent indexed on his
deviation consumption X .

In the MF case, the Principal faces a mean–field of agents and can therefore benefit
from this.

She can compute the conditional law of the deviation consumption of other consumers
w.r.t the common noise, denoted by µ̂.

ùñ New form of contracts: ξpX , µ̂q.

Optimisation problem of the representative consumer:

V A
0

`

ξ, µ̂
˘

:“ sup
PPP

EP
„

UA

ˆ

ξpX , µ̂q ´

ż T

0

´

cpνPt q ´ f
`

Xt
˘

¯

dt

˙ȷ

, (3)

where c is a cost function, f denotes the preference of the Agent toward his deviation
consumption, and UApxq “ ´e´RAx .
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New form of contracts

Applying the chain rule with common noise to the dynamic value function of the Agent,

we obtain the following form for the contract:

ξT “ ξ0

´

ż T

0
HpXs , ζs , α̂

‹
s , µ̂sqds `

ż T

0
ZsdXs `

1

2

ż T

0

`

Γs ` RAZ
2
s

˘

dxX ys

`

ż T

0

pEµ̂s

”

Zµ
s p pXsqd pXs

ı

`
1

2
RA

ż T

0

pEµ̂s
qEµ̂s

”

Zµ
s p pXsqZµ

s p qXsqdx pX , qX ys

ı

` RA

ż T

0
Zs

pEµ̂s

”

Zµ
s p pXsqdxX , pX ys

ı

,

where

‚ ζt “
`

Zt ,Z
µ
t , Γt

˘

is a triple of parameters chosen by the Principal;

‚ α̂‹ is the optimal drift effort of other consumers;

‚ pX the deviation consumption of others, qX a copy;

‚ pEµ̂ expectation under µ̂ (w.r.t the common noise).
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Dylan Possamäı Contract theory and energy markets



11/31

An application in demand–response management
A model for pollution regulation

Motivation & intuition
A moral hazard approach
A Stackelberg game with many consumers
Optimal contract
Principal’s Problem

New form of contracts

Applying the chain rule with common noise to the dynamic value function of the Agent,
we obtain the following form for the contract:

ξT “ ξ0 ´

ż T

0
HpXs , ζs , α̂

‹
s , µ̂sqds `

ż T

0
ZsdXs `

1

2

ż T

0

`

Γs ` RAZ
2
s

˘

dxX ys

`

ż T

0

pEµ̂s

”

Zµ
s p pXsqd pXs

ı

`
1

2
RA

ż T

0

pEµ̂s
qEµ̂s

”

Zµ
s p pXsqZµ

s p qXsqdx pX , qX ys

ı

` RA

ż T

0
Zs

pEµ̂s

”

Zµ
s p pXsqdxX , pX ys

ı

,

where

‚ ζt “
`

Zt ,Z
µ
t , Γt

˘

is a triple of parameters chosen by the Principal;

‚ α̂‹ is the optimal drift effort of other consumers;

‚ pX the deviation consumption of others, qX a copy;

‚ pEµ̂ expectation under µ̂ (w.r.t the common noise).
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Equivalence with contract on the common noise

What is hidden behind this contract ?

The contract is in fact indexed on:

‚ X , the deviation consumption of the representative consumer;

‚ W ˝, the common noise.

ξT “ ξ0 ´

ż T

0
HpXs , ζsqds `

ż T

0
ZsdXs `

1

2

ż T

0

`

Γs ` RAZ
2
s

˘

dxX ys

`

ż T

0
σ˝Z

µ
s dW

˝
s `

1

2
RA

ż T

0

`

Z
µ
s

˘2`
σ˝

˘2
ds ` RA

ż T

0
ZsZ

µ
s

`

σ˝
˘2
ds,

where Z
µ
t :“ pEµ̂

“

Zµ
t p pXtq

‰

.

§ If the Principal can offer contract depending directly on the common noise, she can
offer this contract, indexed by ζt “

`

Zt ,Z
µ
t , Γt

˘

.

§ Contracting on µ̂ or W ˝ leads in fact to the same form of contract.
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Principal’s Problem

The Principal wants to minimise, the sum of the conditional expectation of:

‚ the compensation ξ paid to the consumers;

‚ the production cost of the consumption deviation,
şT
0 gpXtqdt;

‚ the quadratic variation of the deviation consumption,
şT
0 dxX yt ;

with respect to the common noise.

Her problem is reduced to a McKean–Vlasov control problem:

V P :“ sup
ζPV

E
”

UP
`

´ EµL
T rLT s

˘

ı

, LT “ ξT `

ż T

0
gpXsqds `

h

2

ż T

0
dxX ys ,

where µL is the conditional law of L and UPpcq “ ´e´RP c or UPpcq “ c.

Two state variables: the conditional law of X (µX ) and the conditional law of L (µL)
ùñ HJB techniques.
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Dylan Possamäı Contract theory and energy markets



13/31

An application in demand–response management
A model for pollution regulation

Motivation & intuition
A moral hazard approach
A Stackelberg game with many consumers
Optimal contract
Principal’s Problem

Principal’s Problem

The Principal wants to minimise, the sum of the conditional expectation of:

‚ the compensation ξ paid to the consumers;

‚ the production cost of the consumption deviation,
şT
0 gpXtqdt;

‚ the quadratic variation of the deviation consumption,
şT
0 dxX yt ;

with respect to the common noise.

Her problem is reduced to a McKean–Vlasov control problem:

V P :“ sup
ζPV

E
”

UP
`

´ EµL
T rLT s

˘

ı

, LT “ ξT `

ż T

0
gpXsqds `

h

2

ż T

0
dxX ys ,

where µL is the conditional law of L and UPpcq “ ´e´RP c or UPpcq “ c.

Two state variables: the conditional law of X (µX ) and the conditional law of L (µL)
ùñ HJB techniques.
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Optimal contract

Optimal indexation on the law

Zµ,‹ “ ´Z‹ `
RP

RA ` RP
uP
µX ,

leads to the optimal contract:

ξT :“ ξ0

´

ż T

0
HpXs , µ

X
s , ζ

‹
s , α

‹
s qds

loooooooooooooooomoooooooooooooooon

Hamiltonian

`

ż T

0
Z‹
s

`

dXs ´ rEµs
“

d rXs
‰˘

looooooooooooooooomooooooooooooooooon

Penalisation w.r.t the others

`
1

2

ż T

0
Γ‹
s dxX ys

loooooooooomoooooooooon

Compensation for volatility control

`
RP

RA ` RP

ż t

0
uP
µX

rEµX
s
“

d rXs
‰

looooooooooooooooooomooooooooooooooooooon

Payment indexed on others

`
1

2
RA

ż T

0

ˆ

`

Z‹
s

˘2
´

dxX ys ´
`

σ˝
˘2
ds

¯

`
R2
P

pRA ` RPq2

`

σ˝
˘2`

uP
µX

˘2
ds

˙

.
loooooooooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooooooooon

Compensation for risk due to the risk aversion of the consumer (RA)
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Dylan Possamäı Contract theory and energy markets



15/31

An application in demand–response management
A model for pollution regulation

Motivation & intuition
A moral hazard approach
A Stackelberg game with many consumers
Optimal contract
Principal’s Problem

Gain in efforts

0 1 2 3 4 5

0.000

0.001

0.002

0.003

0.004

0.005

0.006

0.007
(Z )

Classical contract for RP = 0.005
New contract for RP = 0.005

0 1 2 3 4 5

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

( )

0 1 2 3 4 5
Time

0.000

0.001

0.002

0.003

0.004

0.005

0.006

0.007
Classical contract for RP = 0.01
New contract for RP = 0.01

0 1 2 3 4 5
Time

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Figure: Effort on the drift (left) and on the volatility (right). Variation with respect to
RP : RP “ 0.005 (up) and RP “ 0.01 (bottom).
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Figure: Relative gain on efforts. Variation with respect to RP and σ˝.
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Figure: Relative utility difference. Variation with respect to RP and σ˝.
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A model for pollution regulation

A regulator tries to provide a system of electricity producers with incentives to

‚ use clean energies;

‚ invest to reduce the emission levels of other means of production.

Regulator

Producer 1 Producer 2 Producer N

ξ1 ξ2 ξN
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A model for pollution regulation

‚ We place ourselves after the auction phase where producers have bid their cost
functions.

‚ We are given a network structure where nodes are producers, with local demand
D, production capacity Q, with power flows and transmission lines with losses r

‚ The role of the regulator is to decide the production levels q and energy flows ϕe

at each node...

1 2
φ1,2 = 0, φ

1,2
= 1

r1,2 = 0

D1 = 5

Q1 = 6

D2 = 10

Q2 = 9

Figure: Example of the network constraints.

‚ ...and to choose a bonus/malus system to incentivise pollution reduction, through
terminal payments ξ
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The setting

Each producer has an impact on the drift of the overall pollution L, thanks to their
efforts.

Lt “ L0 `

N
ÿ

i“1

ż t

0
p1 ´ aisqpi pq

i
sqds ` σW a

t .

The regulator tries to minimise the social cost

inf
pq,ϕ,ξqPC

EPa
‹pq,ξq

„ N
ÿ

i“1

ż T

0
ci pq

i
sqds `

ż T

0
ΛpLs ´ ℓoqds `

N
ÿ

i“1

ξi
ȷ

,

where a‹pq, ξq is a Nash equilibrium for the contracts pq, ϕ, ξq.

The best-reaction function of each producer, given actions chosen by the others

V i
0pa´i , ξi , qq :“ sup

aiPAi

EPa
„

UA

ˆ

ξi ´

ż T

0

`

hi pa
i
sq ` ci pq

i
sq
˘

ds

˙ȷ

.
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The setting

‚ Each producer has different technologies: he produces at the lowest marginal cost
until the cheapest available technology is saturated.

‚ The network structure does not impact the resolution method, and only a finite
dimensional optimisation problem.
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Main results

‚ The set of admissible remunerations can be represented as the terminal values of the
family of processes

Y y,q,Z
t “ y `

ż t

0
f pqs ,Zsqds `

ż t

0
ZsdLs , t P r0,T s,

with the function f : RN
` ˆ RN ÝÑ RN given by

f i pq, zq :“ hi
`

a‹,i pq, zq
˘

` ci pq
i q ´ z i

N
ÿ

j“1

`

1 ´ a‹,j pq, zq
˘

pj pq
j q `

ρσ2

2
pz i q2,

and
a‹,i pq, zq :“ argminaPAi

␣

hi paq ´ z i p1 ´ aqpi pq
i q
(

.
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Main results

‚ The value of the principal and the optimal contract are characterised by the HJB
equation

´vt ´ Gpt, ℓ, vℓ, vℓℓq “ 0, pt, ℓq P r0,T q ˆ R, vpT , ℓq “ 0, ℓ P R,

with G : r0,T s ˆ R ˆ R ˆ R ÝÑ R given by

Gpt, ℓ, α, γq :“ inf
pz,q,ϕqPRNˆP̂t

␣

gpα, z, q, ϕq
(

`
1

2
γσ2 ` Λpℓ ´ ℓ0q,

and g : R ˆ RN ˆ P̂ ÝÑ R defined by

gpα, z, q, ϕq :“
N
ÿ

i“1

ˆ

α
`

1 ´ a‹,i pq, zq
˘

pi pq
i q ` hi

`

a‹,i pq, zq
˘

`
ρσ2

2
pz i q2 ` 2ci pq

i q

˙

.

‚ This PDE has a unique viscosity solution with polynomial growth, which turns out to
be C1 ÝÑ enough to prove existence of an optimal contract

ξ‹ :“ y `

ż T

0
f pq‹

s ,Z
‹
s qds `

ż T

0
Z‹
s dLs
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Calibration

Inspired by the Chilean electricity market, we consider a network with three nodes
representing the North, South and Centre regions of the country.

North

South

Center

r13 = 10−5
φ13 = 6000

φ23 = 2000
r23 = 10−5

φ12 = 6000
r12 = 10−5

Figure: Characteristics of the network.

Demands Value Capacities Value Parameter Value

D1 3000 MW Q1 6000 MW σ 200 tons of CO2 per square root of time

D2 1000 MW Q2 2000 MW T 90 days

D3 6000 MW Q3 12000 MW dt 1 hour

Table: Values of the parameters in the numerical simulations.
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Calibration

‚ There are three technologies to produce power, namely coal, gas and solar. Each
technology is assumed to be identical for each node.

Technology Cost (dollars per MWh) Pollution (tons of CO2 per MWh)
solar 0 0
coal 40 1
gas 80 0.5

Table: Cost and pollution of the technologies.

‚ Cost functions are piece-wise linear for each producer.
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Without regulation

Figure: Pollution without regulation (30,000 simulations).
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Figure: Pollution trajectories under regulation (30,000 simulations).

Contracts reduce the increment in the pollution levels by more than 30% percent, from
10,000,000 tons of CO2 without regulation, to around 6,500,000 tons of CO2.
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Figure: Production and transmission plans under regulation (30,000 simulations).

‚ First, Centre node produces exactly 2400 MW, with solar technology and no pollution.
Leftover is provided by the others. Node in the North produces 5600 MW, while the
South produces 2000 MW and receives a flow of 700 MW from the North.

‚ Second, node in the Centre cover most demand and produces 5500 MW. The node in
the North contributes 500 MW and no flow is received from South. This occurs when
the increase of pollution has been controlled for enough time and it becomes less costly
to allow the node in the Centre to produce power.

‚ Third, we get back to a situation similar to the first period.
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Thank you for your attention
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